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Abstract
The physical interpretation of the appearance of resonant transmission through
single-point barriers is discussed on the basis of a double-layer heterostruc-
ture in the squeezing limit as both the thickness of the layers and the distance
between them tend to zero simultaneously. In this limit, the electron trans-
mission through a barrier-well structure is derived to be non-zero at certain
discrete values of the system parameters forming the so-called resonance set,
while beyond this set, the structure behaves as a perfectly reflecting wall.
The origin of this phenomenon is shown to result from the reflection coeffi-
cients at the interfaces in the inter-layer space. The transmission amplitude
is computed as a set function defined on the trihedral angle surface in a
three-dimensional parameter space.
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1. Introduction
Since the pioneering studies [1, 2, 3] of resonant transmission through
quantum multilayer heterostructures, electronic tunnel systems are a source
of considerable interest. These structures are not only important in micro-
and nanodevices, but their study involves a great deal of basic physics. In
recent years it has been realized that the study of the electron transmis-
sion through heterostructures can be investigated in the zero-thickness limit
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approximation when their width shrinks to zero. Within such an approxima-
tion it is possible to produce the so-called point interactionmodels (see books
[4, 5] for details and references) which are quite useful because they admit
exact closed analytical solutions providing relatively simple situations, where
an appropriate way of squeezing to zero can be chosen to be in relevance with
a real structure.
The present paper focuses on the investigation of the physical mechanism
of resonant tunneling through the planar heterostructure composed of ex-
tremely thin layers separated by some small distances in the limit as both
the layer thickness and the distance between the layers simultaneously tend
to zero. The electron motion in this system is confined in the longitudinal
direction (say, along the x-axis), which is perpendicular to the planes, and is
free in the transverse direction. The three-dimensional Schro¨dinger equation
of such a structure can be separated into longitudinal and transverse parts,
writing the total electron energy as the sum of the longitudinal and trans-
verse energies: El+ ~
2k2t/2m
∗, where m∗ is an effective electron mass and kt
the transverse wave vector, and expressing the wave function by the product
ψ = ψlψt. As a result, we arrive at the reduced one-dimensional Schro¨dinger
equation with respect to the longitudinal component of the wave function
ψl(x) and the electron energy El. For brevity of notations, in the follow-
ing we omit the subscript “l′′ at both ψl(x) and El. Thus, in the units as
~
2/2m∗ = 1, the one-dimensional stationary Schro¨dinger equation reads
−ψ′′(x) + Vε(x)ψ(x) = Eψ(x), (1)
where the potential Vε(x) is given in terms of piecewise constant functions.
It is supposed to depend on the squeezing parameter ε > 0, so that in the
limit as ε→ 0, the function Vε(x) is confined to one point.
A whole body of the mathematical and physical literature (see, e.g., [6, 7,
8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19], a few to mention) has been published
where a number of interesting features of point interactions was discovered
for the one-dimensional Schro¨dinger equation with singular potentials in the
form of distributions. In the work [20], it was suggested to regularize the
potential γδ′(x), δ′(x) := dδ(x)/dx, where δ(x) is Dirac’s delta function and
γ the potential strength (intensity), by a barrier-well potential profile Vε(x),
and then perform the ε → 0 limit. As a result, a non-zero transmission
through this singular single-point barrier has been shown to occur under
certain conditions imposed on the intensity γ forming a discrete resonance
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set. Later on, it has been observed [21] that the resonance set for this point
potential depends on the piecewise constant regularization of the distribution
δ′(x). Next, this family of point interactions has been extended using the
δ′-like regularizing sequences of a more general type including those which
are beyond piecewise constant functions [22]. Finally, it has rigorously been
proved [23, 24, 25, 26, 27, 28] the existence of the resonance set for the
potential γδ′(x) for arbitrary δ′-like regularizing sequence. Moreover, it has
been derived that this set depends on the shape of the regularizing potential
leading to the conclusion about the existence of a hidden parameter in the
δ′-potential (see also [29]). Basically, e.g., in the works [29, 30, 31, 32], the
realization of the one-point resonant-tunneling interactions has been treated
as a cancellation of divergences in the squeezing limit. Therefore, it would be
of interest to give the physical interpretation of the origin of this phenomenon
and this is the main purpose of the present paper.
The procedure of looking for the resonance sets for the point interactions,
which are realized from multilayer structures, can be described briefly as fol-
lows. Within each layer the potential Vε(x) is constant and therefore Eq. (1)
can easily be solved. The solution can be represented via the transmission
matrix connecting the boundary conditions for the wave function ψ(x) at the
left and right interfaces of the structure. Let the structure be located on the
interval (x1, x2). Then transmission matrix Λε is defined by the equations(
ψ(x2)
ψ′(x2)
)
= Λε
(
ψ(x1)
ψ′(x1)
)
, Λε =
(
λ11,ε λ12,ε
λ21,ε λ22,ε
)
, (2)
where the matrix elements λij,ε satisfy the relation
λ11,ελ22,ε − λ12,ελ21,ε = 1, (3)
being valid for any ε > 0. As usual, the squeezing limit is arranged in such
a way that x1 → −0 and x2 → +0 as ε→ 0.
In general, for any multilayer structure the limit relations limε→0 λ12,ε = 0
and limε→0 |λ21,ε| = ∞ hold true. Under certain conditions on the system
parameters, limε→0 λ11,ε and limε→0 λ22,ε can be finite and in this case the
two-sided boundary conditions become of the Dirichlet type: ψ(±0) = 0. In
physical terms, this means that the limit point structure acts as a perfectly
reflecting wall. Since the element λ21,ε is the most singular term in the matrix
Λε, one can impose the constraint limε→0 λ21,ε = 0 and, if this condition is
satisfied, it can be viewed as an equation on the system parameters. At the
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parameter values satisfying this condition, the so-called resonance set, the
transmission is non-zero (partial or perfect), while beyond this set the point
structure is completely opaque.
In all the previous publications the condition limε→0 λ21,ε = 0 was treated
as a cancellation of divergences in the limit as ε → 0, but nowhere the ex-
planation of the origin of this phenomenon has been undertaken. This paper
aims to explain how the resonant tunneling of this type happens in the sim-
plest case of a double-layer structure. For this purpose we use the interference
mechanism, similarly to that used in the works [33, 34], where instead of the
description of point interactions in terms of the limiting transmission ma-
trix Λ := limε→0Λε, an alternative way for identifying the whole family of
point interactions has been used. This approach has been suggested in the
works [11, 12], according to which the boundary conditions are written via
the two-component vectors
Ψ :=
(
ψ(+ 0)
ψ(− 0)
)
, Ψ′ :=
(
ψ′(+ 0)
−ψ′(− 0)
)
. (4)
The matrix equation for Ψ and Ψ′ reads
(U − I)Ψ + iL0(U + I)Ψ′ = 0, (5)
where U ∈ U(2) is a two-by-two unitary matrix, I the unit matrix, and L0
an arbitrary non-zero constant of length dimension. The U -matrix can be
parametrized in an appropriate way and the relationship between its elements
and the Λ-matrix elements can be established (for more details see [11]).
Using this approach in [33, 34], the scattering of a quantum particle by two
independent point interactions has been investigated in one dimension. As
a result, the resonance conditions for perfect transmission through this two-
point system have been found.
The paper is organized as follows. In Section 2, we define the potential
profile for a double-layer structure and derive the formulae for the reflection-
transmission coefficients. In the next section, the asymptotic representation
of the resonance condition is obtained in the limit as the structure shrinks
to one point. Based on the power-connecting three-scale parametrization
of the system parameters, the transmission properties for a whole family of
single-point interactions are investigated in Section 4. Finally, in Section 5,
we give the concluding remarks.
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2. Double-layer potential and reflection-transmission coefficients
We consider the heterostructure composed of two homogeneous layers
with width l1 and l2 separated at distance r. The potential for such a system
can be expressed as the following piecewise constant function:
V (x) =


h1 for x1 < x < y1,
h2 for x2 < x < y2,
0 for −∞ < x < x1, y1 < x < x2, y2 < x <∞,
(6)
where x1 < y1 < x2 < y2; l1 := y1 − x1, l2 := y2 − x2 and r := x2 − y1. The
transmission matrix Λj for each layer (j = 1, 2) is defined by the relations(
ψ(yj)
ψ′(yj)
)
= Λj
(
ψ(xj)
ψ′(xj)
)
, Λj =
(
λj,11 λj,12
λj,21 λj,22
)
. (7)
Each of these matrices connects the boundary conditions of the wave function
ψ(x) and its derivative ψ′(x) at x = xj and x = yj = xj + lj. Explicitly,
Λj =
(
cos(kjlj) k
−1
j sin(kjlj)
− kj sin(kjlj) cos(kjlj)
)
, kj :=
√
E − hj , j = 1, 2. (8)
The scattering coefficients for each layer can directly be expressed through
the elements of the Λ-matrices (8). The reflection and transmission coeffi-
cients for a quantum particle, incident from the left- and right-hand side and
scattered by two layers (denoted by 1 and 2) can be defined by the following
relations:
ψ(x) =
{
eikx +Rl1 e
−ikx for −∞ < x < x1,
T l1 e
ikx for y1 < x < x2,
(9)
for the plane wave exp(ikx), incident from the left-hand side and scattered
by layer 1,
ψ(x) =
{
eikx +Rl2 e
−ikx for y1 < x < x2,
T l2 e
ikx for y2 < x <∞, (10)
for the plane wave exp(ikx), propagating in the inter-layer space and scat-
tered by layer 2, and
ψ(x) =
{
e−ikx +Rr2 e
ikx for y2 < x <∞,
T r2 e
−ikx for y1 < x < x2,
(11)
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for the plane wave exp(−ikx), incident from the right-hand side and scattered
by layer 2,
ψ(x) =
{
e−ikx +Rr1 e
ikx for y1 < x < x2,
T r1 e
−ikx for −∞ < x < x1, (12)
for the plane wave exp(−ikx), propagating in the inter-layer space and scat-
tered by layer 1. Inserting the boundary conditions derived from the defini-
tion (9)-(12) into the matrix equations (7) with Eqs. (8), we find the following
representation of the scattering coefficients in terms of the Λj-matrices:
Rlj = −(uj + ivj)D−1j e2ikxj , Rrj = (uj − ivj)D−1j e−2ikyj ,
T lj = T
r
j = 2D
−1
j e
ik(xj−yj), (13)
where
uj = λj,11 − λj,22 = 0, vj = kλj,12 + k−1λj,21 =
(
k
kj
− kj
k
)
sin(kjlj),
Dj = λj,11 + λj,22 + i(k
−1λj,21 − kλj,12)
= 2 cos(kjlj)− i
(
k
kj
+
kj
k
)
sin(kjlj). (14)
Consider now the plane wave exp(ikx), incident upon the whole (double-
layer) structure from the left and thus the interference effect is present. Sim-
ilarly, we define the scattering coefficients for the whole system located on
the interval (x1, y2):
ψ(x) =
{
eikx +Rl e−ikx for −∞ < x < x1,
T l eikx for y2 < x <∞. (15)
Then summing up all the trajectories according to Fig. 1, we derive the fol-
lowing relations for the total reflection and transmission coefficients defined
through Eq. (15):
Rl = Rl1 +
T l1T
r
1R
l
2
1−Rr1Rl2
and T l =
T l1T
l
2
1− Rr1Rl2
. (16)
3. Squeezing limit
Using the explicit representation for the scattering coefficients, which
follow from Eqs. (13) and (14), i.e.,
Rlj =
(k/kj − kj/k) exp(2ikxj)
k/kj + kj/k + 2i cot(kjlj)
, Rrj =
(k/kj − kj/k) exp(−2ikyj)
k/kj + kj/k + 2i cot(kjlj)
,
6
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Figure 1: Schematic representation of the first several reflected and transmitted trajec-
tories for the incident plane wave exp(ikx) from the left-hand side, which are scattered
by both layers 1 and 2. These trajectories correspond to the definition (9)-(12) and their
summing up leads to the formulae (16).
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T lj = T
r
j =
exp(−iklj)
cos(kjlj)− (i/2)(k/kj + kj/k) sin(kjlj) , (17)
one can estimate separately in the squeezing limit the numerator T l1T
l
2 and the
denominator 1−Rr1Rl2 in the second formula (16) for the total transmission
T l. In this limit, we have lj → 0 and |hj | → ∞, but the products kjlj ,
j = 1, 2, as the arguments of the trigonometric functions, must be finite
(also including the zero limit). Hence, kjlj →
√−hj lj =: Aj ; Aj ’s are
either real or imaginary, finite or zero. Therefore kj → Aj/lj and thus
k/kj ± kj/k → ±Aj/klj. As a result, we obtain the following asymptotics:
T l1T
l
2 →
exp [−ik(l1 + l2)]
cosA1 cosA2 (1− i/2kα1)(1− i/2kα2) = O(l1l2) , (18)
Rr1R
l
2 →
exp(2ikr)
(1 + 2ikα1)(1 + 2ikα2)
=
{
(1− 4k2α1α2) cos(2kr) + 2k(α1 + α2 + 2ikα1α2) sin(2kr)
+i[2k(α1 + α2) cos(2kr)− sin(2kr)]}−1 , (19)
where αj := (lj/Aj) cotAj → 0 as lj → 0. As can be seen from the expression
(18), the successive transmission through the layers does not depend on the
inter-layer distance r and it completely vanishes in the limit as l1, l2 → 0.
Therefore, in general, the whole structure behaves as a fully reflecting wall.
This is because of the bigger singularity than that of the typical double-delta
potential [35]. Such a singularity occurs due to the non-zero finiteness of the
arguments Aj.
The only possibility for the total transmission T l to be non-zero can
happen if the denominator 1−Rr1Rl2 will be of the same order O(l1l2) as the
numerator (even in the particular case r = 0). In general, this is impossible
because of the presence of the sum α1 + α2 in (19), so that the denominator
appears to be of the order O(l1, l2). However, here one can impose the
condition
sin(2kr) = 2k(α1 + α2) cos(2kr) (20)
and then the expression in the square brackets of (19) vanishes. Using next
this equation in (19) once more, we get
Rr1R
l
2 → [1 + 4k2(α21 + α1α2 + α22) + 8ik3(α1 + α2)α1α2] cos(kr). (21)
Thus, if we additionally assume here that cos(2kr) → 1 or sin(kr) → 0, we
obtain that Rr1R
l
2 = 1 +O(l21, l22, l1l2). Then Eq. (20) can be rewritten in the
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simple form:
tan(kr) = k(α1 + α2), (22)
which can be viewed as the resonance condition on the system parameters
hj, lj , r; j = 1, 2. The particular case r = 0 in this equation is also appro-
priate. Therefore the family of all solutions to Eq. (22) generates a discrete
resonance set, at which the transmission amplitude occurs in the form of
extremely sharp peaks like those shown, e.g., in Fig. 1 of the work [36] as a
result of the (non-uniform) pointwise convergence as l1, l2, tan(kr) → 0. In
other words, under the resonance condition (22), due to the infinite summing
of the inter-layer back-forth reflection steps Rr1R
l
2, we arrive at the uncertain
ratio 0/0 in the second formula (19). This uncertainty should be treated
carefully by computing the full expressions for Rl and T l and in this way one
can confirm the validity of the resonance equation (22).
Thus, inserting Eqs. (17) into (16), we get
Rl = −(u+ iv)D−1 exp (2ikx1), T l = 2D−1 exp [−i(l1 + l2 + r)], (23)
where
u =
(
k2
k1
− k1
k2
)
sin(k1l1) sin(k2l2) cos(kr) +
[(
k
k1
− k1
k
)
sin(k1l1) cos(k2l2)
−
(
k
k2
− k2
k
)
cos(k1l1) sin(k2l2)
]
sin(kr), (24)
v =
[(
k
k1
− k1
k
)
sin(k1l1) cos(k2l2) +
(
k
k2
− k2
k
)
cos(k1l1) sin(k2l2)
]
cos(kr)
+
(
k1k2
k2
− k
2
k1k2
)
sin(k1l1) sin(k2l2) sin(kr), (25)
D =
[
2 cos(k1l1) cos(k2l2)−
(
k1
k2
+
k2
k1
)
sin(k1l1) sin(k2l2)
]
cos(kr)
−
[(
k
k1
+
k1
k
)
sin(k1l1) cos(k2l2) +
(
k
k2
+
k2
k
)
cos(k1l1) sin(k2l2)
]
sin(kr)
− i
{[(
k
k1
+
k1
k
)
sin(k1l1) cos(k2l2) +
(
k
k2
+
k2
k
)
cos(k1l1) sin(k2l2)
]
cos(kr)
+
[
2 cos(k1l1) cos(k2l2)−
(
k2
k1k2
+
k1k2
k2
)
sin(k1l1) sin(k2l2)
]
sin(kr)
}
. (26)
By direct calculations one can prove that |D|2 = 4+u2+ v2 and, as a result,
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the reflection-transmission amplitudes become
Rl := |Rl|2 = u
2 + v2
4 + u2 + v2
and T l := |T l|2 = 4
4 + u2 + v2
(27)
fulfilling the conservation law Rl+T l = 1 for the electron flow. Next, in the
limit as l1, l2 → 0, we get the following asymptotic representation:
u →
[(
l21
A21
− l
2
2
A22
)
cos(kr) + (α1 − α2)sin(kr)
k
]
cosA1 cosA2
α1α2
, (28)
v → −
[
(α1 + α2) cos(kr)− sin(kr)
k
]
cosA1 cosA2
kα1α2
, (29)
D →
[(
2α1α2 − l
2
1
A21
− l
2
2
A22
)
cos(kr)− (α1 + α2)sin(kr)
k
+
i
k
(
sin(kr)
k
− (α1 + α2) cos(kr)
)]
cosA1 cosA2
α1α2
. (30)
Under the resonance condition (22), these asymptotics are finite. If addition-
ally we assume r → 0, this condition becomes
r =
l1
A1
cotA1 +
l2
A2
cotA2 , 0 ≤ r <∞, (31)
and, as a result, the asymptotics (28)-(30) reduce to the following simple
expressions:
u→ θ − θ−1, v → 0, D → θ + θ−1, θ := − A1l2 sinA1
A2l1 sinA2
. (32)
The zero inter-layer distance (r = 0) can be considered as a particular case
of the resonance condition (31). Clearly, the limiting expressions (28) and
(29) satisfy Eqs. (27), retaining the conservation law Rl + T l = 1.
One of the important conclusions which immediately follows from the
resonance equation (31) is the impossibility to realize a single-point inter-
action from the double-barrier system. Indeed, for both the barriers we set
Aj = iA¯j, where A¯j := limhj→∞, lj→0(
√
hj lj) > 0, j = 1, 2, so that Eq. (31)
reduces to
r = −
∑
j=1,2
(lj/A¯j) cothAj . (33)
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Since r > 0, whereas the right-hand side of Eq. (33) is negative, the zero
squeezing of the distance between the barriers is forbidden and this result
agrees with the studies in [32]. On the other hand, if one of the layers is a
well, say the first one, the resonance equation reads
r = (l1/A1) cotA1 − (l2/A¯2) cothA¯2, (34)
where both the terms A1 and A¯2 are positive, so that Eq. (34) can be satis-
fied. Indeed, while varying A1, one can examine the existence of a countable
number of solutions to this equation.
One of the effective ways to analyze a whole family of single-point interac-
tions in the limit as the parameters l1, l2 and r tend to zero simultaneously is
their representation through a single squeezing parameter ε→ 0 using differ-
ent power-connecting relations. Below we will investigate the squeezing limit
using a three-scale approach. In this way we generalize the family of point
interactions obtained previously in several papers [20, 21, 29, 30, 31, 32].
4. Power-connecting three-scale parametrization
The resonance condition (31) is given in the asymptotic form as the
layer thickness parameters l1, l2 and the inter-layer distance r simultaneously
shrink to one point. To proceed with the further analysis of the condition
(31), one can simplify the one-point limit procedure by connecting these pa-
rameters through a single squeezing parameter ε → 0. The natural connec-
tion can be done by using different powers of ε. Within such an approach, the
three-scale parametrization [31] that connects the layer parameters through
the parameter ε > 0, can be used. Thus, we set
h1 = a1ε
−µ, h2 = a2ε
−ν , l1 = ε, l2 = ηε
1−µ+ν , r = cετ , c ≥ 0, (35)
where aj ∈ R, j = 1, 2, and µ, ν, τ, η are arbitrary positive parameters. We
denote the potential (6) parametrized by these relations by Vε(x). Our task
is to describe the possible single-point interactions, which can be realized
from all the limits Vε(x) → γδ′(x) (in the sense of distributions on the C∞0
test functions).
The first step is to find the whole set in the {µ > 0, ν > 0, τ > 0}-octant,
where the potential γδ′(x) can be defined in the standard distributional sense.
To this end, we need to estimate in the limit as ε→ 0 the integral
〈Vε |ϕ〉 =
(
a1ε
−µ
∫ l1
0
+ a2ε
−ν
∫ l1+r+l2
l1+r
)
ϕ(x)dx (36)
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for any ϕ(x) ∈ C∞0 (R). Using the parametrization (35) and expanding
ϕ(εξ) = ϕ(0) + εξϕ′(0) + (ε2ξ2/2)ϕ′′(ςεξ), where ξ = x/ε and ς ∈ (0, 1)
depends for a given ϕ on εξ, the integral (36) can be computed explicitly.
Thus, under the condition a1 + ηa2 = 0 (0 < η <∞), we get
〈Vε |ϕ〉 = − a1
(
1
2
ε2−µ +
η
2
ε2(1−µ)+ν + cε1−µ+τ
)
ϕ′(0) +R2 (37)
where the last term can be estimated as follows
|R2| ≤ max
ξ∈R
ϕ′′(ξ)|a1|
(
1
3
ε3−µ +
η2
6
ε3(1−µ)+2ν +
η
2
ε3−2µ+ν
+
ηc
2
ε2(1−µ)+ν+τ + c ε2−µ+τ +
c2
2
ε1−µ+2τ
)
. (38)
Under the inequalities
1 < µ ≤ 2, 2(µ− 1) ≤ ν <∞, µ− 1 ≤ τ <∞, (39)
it is easy to be convinced that all the powers of ε [for the terms in the brackets
of (38)] are positive. Therefore R2 → 0 as ε→ 0 and the limit Vε(x)→ γδ′(x)
(in the sense of distributions), where the constant γ ∈ R is the intensity of
the δ′-potential, leads to the relations
a1 = 2γ/ζQ and a2 = −2γ/ηζQ (40)
with the set function
ζQ = lim
ε→0
(
ε2−µ + ηε2(1−µ)+ν + 2cε1−µ+τ
)
=


1 + η + 2c at P,
η + 2c on K,
1 + 2c on L,
1 + η on N,
η on X,
1 on Y,
2c on Z.
(41)
Here Q = P,K, L,N,X, Y, Z are the sets in the (µ, ν, τ)-octant defined by
vertex P := {µ = ν = 2, τ = 1},
edge K := {1 < µ < 2, ν = 2(µ− 1), τ = µ− 1},
edge L := {µ = 2, 2 < ν <∞, τ = 1},
edge N := {µ = ν = 2, 1 < τ <∞},
plane X := {1 < µ < 2, ν = 2(µ− 1), µ− 1 < τ <∞},
plane Y := {µ = 2, 2 < ν <∞, 1 < τ <∞},
plane Z := {1 < µ < 2, 2(µ− 1) < ν <∞, τ = µ− 1},
(42)
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Figure 2: Trihedral angle surface Sδ′ = P ∪K ∪L∪N ∪X ∪ Y ∪Z formed by vertex P ,
three edges K,L,N and three planes X,Y, Z, which are defined by Eqs. (42).
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and forming the trihedral angle surface Sδ′ as shown in Fig. 2. Note that the
inequalities (39) are fulfilled on this surface. According to Eqs. (40), on the
plane Z, the distribution γδ′(x) makes sense only if c > 0.
In general, on the whole Sδ′-surface, the resonance condition (31) parametrized
by Eqs. (35) with the amplitudes (40) becomes an equation with respect to
the intensity γ. Asymptotically, in the limit as ε→ 0, it takes the form
√
η εν/2 cot
(√
2γη/ζQ ε
1−µ+ν/2
)
− εµ/2 coth
(√
2γ/ζQ ε
1−µ/2
)
= c ετ
√
2γ/ζQ . (43)
Particularly, at the vertex P , this equation reduces to
√
η cot
√
2ηγ
1 + η + 2c
= coth
√
2γ
1 + η + 2c
+ c
√
2γ
1 + η + 2c
(44)
and for the case c = 0 we have the equation, which was derived in [21], i.e.,
tan
√
2γη
1 + η
=
√
γ tanh
√
2γ
1 + η
. (45)
If, additionally, η = 1, we arrive at the most simple equation tan
√
γ =
tanh
√
γ, which was originally obtained in [20]. Clearly, these versions admit a
countable number of roots γP,n, n ∈ Z, forming the resonance set ΣP (η, c) :=
∪∞n=−∞γP,n.
For the edges K and L, in the limit as ε → 0 Eq. (43) reduces to the
following two equations:
√
η cot
√
2γη
η + 2c
=
√
η + 2c
2γ
+ c
√
2γ
η + 2c
, (46)
coth
√
2γ
1 + 2c
=
√
1 + 2c
2γ
− c
√
2γ
1 + 2c
, (47)
respectively. Equation (46) admits a countable number of solutions on the
positive half-axis: 0 ≤ γK,n < ∞, while Eq. (47) on the negative half-axis
−∞ < γL,n ≤ 0. The resonance sets are ΣK(η, c) := ∪∞n=0γK,n and ΣL(c) :=
∪∞n=0γL,n, respectively. Particularly, the resonance sets ΣK(η = 1, c = 0) and
ΣL(c = 0) are given by the roots of the simple equations
tan
√
2γ =
√
2γ and tanh
√
2γ =
√
2γ, (48)
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respectively, found previously in [29]. On the Z-plane, Eq. (43) is fulfilled
only for c = 0, but in this case Eqs. (40) do not provide the Vε(x) → γδ′(x)
limit.
On the edge N , Eq. (43) reduces to (45), so that ΣP (η, c = 0) = ΣN(η) :=
∪∞n=−∞γN,n. Finally, on the planes X and Y , the resonance sets ΣX and ΣY
are given by the roots of Eqs. (48), respectively, so that γX,n = γK,n(η = 1, c =
0) and γY,n = γL,n(c = 0). Concerning the plane Z, where the distribution
δ′(x) is well defined, Eq. (43) for Q = Z does not allow solutions except for
c = 0, but for this case the limit V (x)→ γδ′(x) cannot be defined.
Now the resonance condition (43) and its explicit representation given by
Eqs. (44)-(48) can be used to compute the transmission amplitude T l using
Eqs. (27) and (32). Thus, the transmission amplitude as a set function of Q
and the nth resonance level can be rewritten in the form
T lQ,n =
4θ2Q,n(
1 + θ2Q,n
)2 (49)
with the asymptotics
θ2Q,n → η εν−µ sinh2
(√
2γQ,n/ζQ ε
1−µ/2
)
/ sin2
(√
2γQ,nη/ζQ ε
1−µ+ν/2
)
=
(
coshBQ,n + c ε
τ−1BQ,n sinhBQ,n
)2
+ ηεν−µ sinh2BQ,n,
BQ,n :=
√
2γQ,n/ζQ ε
1−µ/2, as ε→ 0, (50)
where Eq. (43) has been used. Explicitly, for each set Q = P,K, L,N,X, Y
and the nth resonance, we have
θ2P,n =
(
cosh
√
2γP,n/ζP + c
√
2γP,n/ζP sinh
√
2γP,n/ζP
)2
+ η sinh2
√
2γP,n/ζP ,
θ2K,n = (1 + 2cγK,n/ζK)
2+ 2ηγK,n/ζK ,
θ2L,n =
(
cosh
√
2γL,n/ζL + c
√
2γL,n/ζL sinh
√
2γL,n/ζL
)2
,
θ2N,n = cosh
2
√
2γN,n/ζN + η sinh
2
√
2γN,n/ζN ,
θ2X,n = 1 + 2γX,n , θ
2
Y,n = (1− 2γY,n)−1 .
(51)
Particularly, using Eq. (49) and the first formula in (51), for Q = P we
obtain the following expression for the transmission amplitude at c = 0:
T lP,n(c = 0) =
(1− tanh2χn)(1 + η tanh2χn)(
1 + η−1
2
tanh2χn
)2 , χn :=
√
2γP,n(c = 0)
1 + η
. (52)
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If additionally we set η = 1, this equation reduces to the formula obtained in
[20] with the resonance set {γP,n(η = 1, c = 0)}∞n=−∞ satisfying the resonance
condition tan
√
γ = tanh
√
γ, γ ∈ R.
5. Concluding remarks
Thus, the heterostructure consisting of two planar homogeneous layers
has been investigated in the limit as their thickness parameters l1 and l2 tend
to zero. As a result of this squeezing procedure, the asymptotic resonance
condition (22) has been derived in a quite general form. Under this condition,
the transmission through a double-layer structure has been observed to be
non-zero at certain discrete values of the system parameters forming the
so-called resonance set, while beyond this set, the structure behaves as a
perfectly reflecting wall. Because of l1, l2 → 0, the limit tan(kr) → 0 must
be accomplished as well. The particular case tan(kr) = 0 is also appropriate
to satisfy the resonance condition. In other words, for the resonant tunneling
to occur, the inter-layer distance must shrink sufficiently fast compared with
the squeezing of the layer thickness.
In the case when kr is found in the neighborhood of any point npi,
n = 1, 2, . . ., we deal with a two-point system. Then the condition (22)
can be satisfied even for a typical double-barrier system if kr < npi in this
neighborhood. In this paper, we restrict ourselves to the limit case r → 0, for
which the resonance condition is asymptotically given by Eq. (31). The origin
of the resonant tunneling in a squeezed double-layer heterostructure results
from the requirement that each reflection step Rr1R
l
2 at the interfaces in the
inter-layer space must be of the order 1 + O(l21, l22, l1l2). This requirement
provides in the squeezing limit the resonant-tunneling penetration through a
barrier-well or a double-well system, but not for a double-barrier one.
Finally, using the three-scale parametrization (35), the transmission am-
plitude has been calculated as a set function defined on the trihedral angle
surface shown in Fig. 2, where the potential γδ′(x) is defined in the sense of
distributions. These calculations generalize the results derived in the previ-
ous publications.
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